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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Double Integration: Definition

A double integral over a region R in the xy-plane is defined as:
J[ feyyda= jim 3 i ypaa

@ In Cartesian coordinates: dA = dx dy
@ In polar coordinates: dA = r dr dé
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Method of Evaluation (Cartesian):

92(x)
f91(X)

@ Identify the region R defined by a < x < b, g1(x) < y < g=(x).
@ Compute: [[5f(x,y)dxdy = fab

f(x,y) dy dx.
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Double Integration: Cartesian Form

Method of Evaluation (Cartesian):
@ Identify the region R defined by a < x < b, g1(x) < ¥y < go(x).
o Compute: [[ f(x,y)dxdy = [? f;z((;)) f(x,y) dy dx.
Examples:
@ Compute [/, 1dA, where Ris the rectangle [0, 1] x [0, 2].

1 2 1 1
//1dxdy://1dydx:/[y]§dx:/2dx:2
R o Jo 0 0

@ Compute [[; x dA, where R = [0, 1] x [0, 1].

1 1 1 2 1
/ / xdydx:/ x[y]g,dx:/ xdx—[ } ==
o Jo 0 0 2], 2

© Compute [/ xy dA, where R =[0,2] x [0, 1].
1

2 1 2 2 2 >
y X X
xddx:/x[] dx:/dx:{] — 1
/0/0 y y 0 2 0 0 2 4 0
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Double Integration: Cartesian Examples (Cont.)

© Compute [[5(x? + y?) dA, where R = [0, 1] x [0,1].

11 1 y3 1 1 1 X3
/ / (x2+y2)dydx:/ {x2y+] dx:/ (X2+> dx = {
o Jo 0 3 o 0 3 3
© Compute [[, eV dA, where R =[0,1] x [0, 1].

/01 /01 et dy dx = /01 e“[e’]d dx = /01 e (e—1)dx = (e—1)[e]} = (e

© Compute [[, x?y dA, where R is the triangle with vertices (0, 0),
(1,0), (0,1).

1 —x 1 27 1=x 1,2 2 1
2 _ 2 | Y _ x“(1 - x) _1/
/0/0 xydydx—/0 X [2}0 x_/o — dx—2 0()
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Double Integration: Cartesian Examples (Cont.)

@ Compute [[5sin(x + y) dA, where R = [0, 7] x [0, x].
/ / sin(x+y) dy dx = / [— cos(x+y)]g dx = / (— cos(x+m)+cos x
o Jo 0 0

© Compute [[,xy?dA, where R =[1,2] x [0, 1].

2 1 2
//xyzdydx:/x{y} dx—/ fdx—§
1 Jo 1 2
b

Q Compute JJa(x + y) dA, where R is the region bounded by
_ X2 y = 1.
|

// x+y) dydx_/ {xy—i—};}xzdx:/; ((X+;)—(x3+):)>

@ Compute [[5y dA, where R =[0,1] x [0,2].
2

1 2 1 y2 1
//ydydx:/ [} dx:/ 2dx =2
0 0 0 2 0 0
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Method of Evaluation (Polar):

@ Transform (x, y)to (r,0): x = rcos@, y = rsinf, dA = rdr do.
@ Set up integral over region R defined by r and 6 bounds.
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Double Integration: Polar Form

Method of Evaluation (Polar):
@ Transform (x, y)to (r,0): x =rcosf, y = rsinf, dA = rdrdb.
@ Set up integral over region R defined by r and 6 bounds.

Examples:
@ Compute [[,1dA, where R is the unit disk x® + y2 < 1.

2 1 2m 2 1 2m 4
/ / rdrdez/ [} dG:/ —dfd=m
0 0 0 2, 0o 2

@ Compute [[4(x? + y?) dA, where R is the unit disk.
2 1 2m 41 2m

1 s

r2-rdrd9=/ {r} do= | do==2

/0 /0 0 4 0 0 4 2
© Compute [/, x? dA, where R is the unit disk.
1

™

2w 1 27 r4 1 2w
/ / (r? cos® 0)r dr df :/ cos?f | —| db = f/ cos?df = —
o Jo 0 4 Jo 4 Jo 4
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Double Integration: Polar Examples (Cont.)

Q@ Compute [[, e (+) dA, where R is the entire plane.

2w [e%S) 5 2w 1 5 27r
/ / e*’rdrdG:/ {—e ’} da_/ —d9_7r
0 0 0

© Compute [[5y dA, where R is the unit disk.

2 p1 2n 31! 1 [2r
/ / (rsin9)rdrd0:/ siné){} dé’:f/ sinddf =0
o Jo Jo 3 1o 3 .Jo

@ Compute [[, xy dA, where Riis the disk x? + y? < 4.

2

27 2 o 4 o )
/ / (r?cos@sinO)rdrdf = / cos fsin 6 [r} do — 4/ sin 20 d
o Jo 0 4 1o o 2
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Double Integration: Polar Examples (Cont.)

@ Compute [[,(x? + y?)%2 dA, where R is the annulus
1<x24+y2<4.

2r 2 2 1,512 2 621
3. ddaz/ {r] do = L (32— 1) = 21
/0 /1r rar A 5, 5( ) 5

© Compute [[,cos(x? + y?) dA, where Riis the disk x? + y? < .

2m VT 2 . 2 VT
/ / cos(r?)r dr d :/ {sm(r )}
o Jo 0 2 o

© Compute [[, x* dA, where R is the unit disk.

2m 1 2 61
4 cos® - 4|0 gp= 1.3
/0 /O(r cos 6)rdrd€—/0 cos 9{6]0d9—6 4 =38

@ Compute [[,+/x2 + y2 dA, where Riis the disk X2 + y2 < 1.

/~27r /‘1r«rdrd9: /.27r [r—sr add = ZTW

n
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Change of Order of Integration

For a double integral [/ f(x, y) dA, changing the order of integration
involves redefining the region R in terms of the opposite variable

bounds.
e Original: [’ fgfz((xx)) f(x,y) dy dx

@ Changed: fcd f,:z((yy)) f(x,y)dxdy
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Order of Integration

For a double integral [/ f(x, y) dA, changing the order of integration
involves redefining the region R in terms of the opposite variable
bounds.

e Original: [’ fgfz((xx)) f(x,y) dy dx
@ Changed: fcd f,:z((yy)) f(x,y)dxdy
Examples:
Q@ Evaluate [, [ xy dy dx.

1 ,x 1 29X 1 .3
y X 1
xddx:/x] dx:/fdxz,
/o/o” o 121, 0o 2 8

Changeorder 0 <y <1,y <x<1):

L Ak Ty -y?)
xdxd:/ [}d:/d:
/O/y y y oy2yy A 5 V=3
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Double Integration: Cartesian and Polar Forms
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Change of Order Examples (Cont.)

@ Evaluate f. /% x dx dy.

[ oo [ ] o[ 5o

Changeorder( 0 < x <1,2x <y < 2):

//xdydx:/ x(2—2x)dx:g
2x 0 3

© Evaluate fo f e dxdy.

1 X 1
Change order (0 < x <1,0< y < x): / / eX dy dx :/ e x dx =
0 0 0

Q Evaluate [ f;  xy dy dx.

1 1—x 1
xydydx = —
L 2

Channanrder (N < v <1 N< v< i1 _ )
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Order Examples (Cont.)

@ Evaluate f01 f;z\/)?dxdy.

1 1 2
/ / x"2dxdy = =
0 Jye 5

Changeorder (0 < x < 1,0 <y < X):

1K 5
/ / x'2dydx ==
0 0 S

Q Evaluate f02 f1/2ydx ay.

/ //2ydxdy / dy_1
y

Change order (0 < x < 1,0 <y < 2x):

/ / ydydx =1
0 Jo

A s T SINX
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Order Examples (Cont.)

© Evaluate fo 1 sin(y?) dy dx.

1y
Change order (0 <y <1,0< x < y): / / sin(y?) dx dy =
0 0

Q Evaluate [] [/ ~ xy dy d.

1 p1—x? 1
/o /0 xydydx:ﬁ

Changeorder 0 <y <1,0<x < /1 —y):

1 \/1—y 1
/ / xydxdy:ﬁ
0o Jo

@ Evaluate [, [’ xy dy dx.

/ / xydydx— —

Mr. S. P Thorat Multiple Imegrals

1 —cos1



To evaluate [, f(x,y) dx dy, transform to new variables (u, v) via
x=x(u,v),y=y(u,v):

// f(x,y)dxdy = // f(x(u, v),y(u, v))‘a( -Y) ’d dv
oy |
a(u,v)

where |J—y1’ is the Jacobian determinant
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Variables

To evaluate [, f(x, y) dx dy, transform to new variables (u, v) via
X =x(u,v),y=y(u,v):

[ tevraxay [ rxt0.0t0 ) |20

is the Jacobian determinant. Examples:

A(x.y)
where ’8(3};)

@ Evaluate [[;(x + y) dA, where R is the parallelogram with
vertices (0,0), (1,1), (2,0),(1,—-1). Useu=x+y,v=x—y.

1

2

u+tv u—v a(x,y)
X= o Yem '8(u,v)

Region S:0<u<2, -1 <v<.

2 1 1 2
// u-fdvdu:/udu:Q
0 J-1 2 0
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Variables Examples (Cont.)

@ Evaluate [ xy dA, where R is the region bounded by xy = 1,
xy=2,y=x,y=2x.Useu=xy,v=y/x.

_ _ (X, y)
X =\/uj/v, y=+uv, (U, v)
Region: 1 <u<2,1<v<2.

[ ooy

@ Evaluate [[5(x2 — y?) dA, where R is the unit square, using
U=X+y,v=x-y.

2 u—1 1
/ / (u2—v2)~§dvdu:0
0 1—u

© Evaluate [ /X2 + y? dA, where R is the unit disk, using polar

coordinates. ) 1
4 2
/ / r-rdrdf = Tﬂ

Mr. S. P. Thorat Multiple Integrals

1
- 2/uv




Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Variables Examples (Cont.)

©@ Evaluate [/, e¥/¥ dA, where Ris bounded by y = x, y = 2x,
x=1,x=2.Useu=x/y,v=y.

2 r2v 1
/ / e/V. —dxdv=2(e?—e)
1 v v

© Evaluate [ x dA, where Riis the region x? + y? < 1, using polar

coordinates. o
/ / (rcos@)rdrdf =0
0 0

@ Evaluate [[5(x + y)? dA, where R is the square [0, 1] x [0, 1],
usingu=x+y,v=x-—y.

2
/ /1 fdvdu 3

@ Evaluate [[gsin(x/y) dA, where R is bounded by y = x, y = 2x,
x=0,x=1.Useu=x/y,v=y.

rlor2 1
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Change of Variables Examples (Cont.)

© Evaluate [ x2y? dA, where R is bounded by xy = 1, xy = 2,
y=x,y=2x.Useu=xy,v=y/x.

2 2
1 2In2
2. _ 5 _
/1/1u 5 TvdVdu 3

@ Evaluate [[5(x® + y?) dA, where R is the disk x? + y? < 4, using

polar coordinates.
27 2
/ / r?.rdrdf =8r
0 0
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A triple integral over a region W in 3D space is:

//Wf(x»}’,z)dvz/:/ggz(x)

1(x) /h1 (x.y)
where dV = dx dy dz in Cartesian coordinates.
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ha(x,y)

f(x,y,z)dzdy dx
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Triple Integrals

A triple integral over a region W in 3D space is:

%(x)  rha(x.y)
// f(x,y,z)dV = // / f(x,y,z)dzdy dx
g1( hi(x.y)

where dV = dx dy dz in Cartesian coordlnates. Examples:
@ Compute [[f,,1dV, where W is the cube [0, 1] x [0, 1] x [0, 1].

1 1 1
/ / / 1dzdydx =1
o Jo Jo

@ Compute [[f,, x dV, where W is the cube [0, 1] x [0, 1] x [0, 1].

-1 1 1 1
/ / / xdzdydx:E
0o Jo Jo

© Compute [[[,, xyzdV, where W is the cube [0, 1] x [0, 1] x [0, 1].

1,1 1
/ / / Xxyzdzdy dx = -
o Jo Jo 8
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Triple Integral Examples (Cont.)

© Compute [[[,, zdV, where W is the tetrahedron bounded by
x=0,y=0,z=0,x+y+z=1.

-1 1—x 1—x—y 1
zdzdydx = —

@ Compute [[f,(x? + y?) dV, where W is the unit cube.

[ [ [osmaapon=2

© Compute [[f,, € dV, where W is the region 0 < z < 1,
0<y<z0<x<y.

1,z oy _
/ / / ezdxdydz:e—21
0 0 0
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration

Change of Variables

Triple Integrals

Triple Integral Examples (Cont.)

@ Compute [[[,, x2 dV, where W is the region bounded by
z=x>4+y? z=1.

1 /1=y -
/ / / x2dzdydx = —
1S /1my2 Lty 12

@ Compute [[[,,(x +y + z) dV, where W is the tetrahedron
X, y,z>0,x+y+z<1.

1 1—x pl—x—y 1
/ / / (x+y+2z)dzdydx = 2
o Jo Jo 8
@ Compute [[[,, 22 dV, where W is the unit cube.

1 1 1 1
/ / / Z2dzdydx = =
o Jo Jo 3

@ Compute [[[,, /X2 + y2 4+ z2dV, where W is the unit ball
x? + y? + z% < 1 (use spherical coordinates).

n_

_ 4
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Double Integration: Cartesian and Polar Forms
Change of Order of Integration
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Conclusion

@ Double integrals can be evaluated in Cartesian or polar
coordinates, depending on the region.

@ Changing the order of integration simplifies computations by
adjusting region bounds.

@ Change of variables, including polar and other transformations,
leverages the Jacobian.

@ Triple integrals extend these concepts to 3D regions, with
applications in volume and mass calculations.
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