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Laplace Transform: Definitions

The Laplace transform of a function f(t), t > 0, is:

LIF(D)} = F(s) = /Ooo e~Slf(t)dt, R(s)>o

Mr. S. P. Thorat (Head and Asso. Prof. Department of Laplace and Fourier Transforms 3/25



Laplace Transform: Definitions

The Laplace transform of a function f(t), t > 0, is:
L{f(t)} = F(s) = / e Sf(t)dt, R(s)>oc
0

@ Piecewise continuity: f(t) is continuous except at finitely many points in
any finite interval.

e Exponential order: There exist M > 0, o such that |f(t)| < Me°! for large
t

@ Class A: Piecewise continuous and of exponential order.
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Laplace Transform: Definitions

The Laplace transform of a function f(t), t > 0, is:
L{f(t)} = F(s) = / e Sf(t)dt, R(s)>oc
0

@ Piecewise continuity: f(t) is continuous except at finitely many points in
any finite interval.
e Exponential order: There exist M > 0, o such that |f(t)| < Me°! for large
t.
@ Class A: Piecewise continuous and of exponential order.
Examples:
@ 1(t) = 1: Piecewise continuous, exponential order o = 0.
) = e?: Exponential order o = a.
) = sin at: Exponential order o = 0.
) = t": Exponential order o = 0.
) = u(t — a) (unit step): Piecewise continuous, o = 0.
) = te?': Exponential order o = 2.
) = cos at: Exponential order o = 0.
) = t2sin t: Exponential order o = 0.
) = e~'t: Exponential order o = —1.
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Existence Theorem and Standard Transforms

Existence Theorem: If f({) is piecewise continuous on [0, o) and of
exponential order o, then L{f(t)} exists for (s) > o.
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Existence Theorem and Standard Transforms

Existence Theorem: If f({) is piecewise continuous on [0, o) and of
exponential order o, then L{f(t)} exists for ®(s) > 0. Standard Transforms:

Q@ c{1}=1s>0
Q L{t"}=2L+,5>0
Q L{e"’”}_ﬁ,s>a

Q L{sinat} = 32+az, s>0
@ L{cosat} = m, §>0
Q L{sinhat} = 25 a2’ s> |a|
@ L{coshat} = 25,5 > |
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Shifting Theorems

First Shifting Theorem:
L{e¥f(t)} = F(s — a)
Second Shifting Theorem:
L{f(t—a)u(t—a)} = e *F(s), u(t)=unitstep
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Shifting Theorems

First Shifting Theorem:
L{e¥f(t)} = F(s — a)
Second Shifting Theorem:
L{f(t—a)u(t—a)} = e *F(s), u(t)=unitstep
Examples:
Q L{eP) = &
e £{972t5|n4t} m
Q L{(t-2)2 (z‘—2)} =e 5
Q L{elcost} = = = 2+1
@ L{sin(t—mu(t—m)} = ef’rssglﬂ
o £{e‘”t3} — ﬁ
Q@ L{(t—-Nu(t—-1)}= e—ssl2
Q L{efcosh2t} = %
(10] L‘{cos(2(t - 1))u(t - =e°
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Change of Scale Property

L{f(at)} = %F (—) , a>o
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Change of Scale Property

1 S
L{f(at)} = 5F (5) , a>o
Examples:
@ L{sin3t} = szi+9
Q L{cos2t} = S5y
Q L{fe) = %
Q L{tsin4dt} = W

e £{621t3} W
e ﬁ{sm(5t)} = m
2(s®—1

@ L{tPcost} = %
Q L{cosh3t} = S
Q L{te!} = —‘
o £{5|n(2t/3)} = e = T
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Laplace Transform of Derivatives

L{f'()} = sF(s) — £(0), L{f"(t)} = s>F(s) — sf(0) — f'(0)
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Laplace Transform of Derivatives

L{f'(t)} = sF(s) — (0),
—0, 7(0)

Examples (assume f(0)

Q@ Lity=s L=1

Q Li{sin'(t)} =5 g5 =
Q L{e?} =5 15 1
o E{t2/1}732 2 _ 2

$ T s

Q L{cos' ()} =5 &5 =
Q c{(te')}=s- (57171)2 -
Q L{sin(21)"} =& 5
Q L{(f®)}=s- % =35
Q L{e" =551
@ c{(tPe?!)} =s- 2P 2)

Mr. S. P. Thorat (Head and Asso. Prof. Department of

L{f"(t)} = s2F(s) — sf(0) — f'(0)

= 0 unless specified):

s
s2+1

s
s2+1

0
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Laplace Transform of Integrals

{fe)-2
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Laplace Transform of Integrals

{fe)-2

Examples:

o £{f0t1du}—£:§
fo udu}

sin udu} 1/(52“) =3 !

Y du} (5;71) _ 1

0 <{

0 c{

© £ |
{ u2du} s _ 2
0 c{

@ c{

0 <{

Jo
Jo
o
fo cos2U du} /(ss+4) = 321+4
i uev du) = 1
fo snnhudu} = 1/(5 =1)
Q £{f0 usin udu} = (57“)2

0 t 1/(s—2)
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Multiplication by t”

LU0} = (1) L F(s)
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Multiplication by t”

dn
L{(0)}y = (1) 47 F(s)
Examples:
Q@ Li{tsint} = —% = (322%)2
L 2

Q c{ret =L = 2
Q L{tcost} = _%541 = (Ss:ﬁ
Qi =-&1L =%
Q L{te?} = —d—L = (51—2)2
Q L{f?sin2t} = ds2 sZi4
Q@ L{tsinht} = dss2 T= (522—51)2
Q L{tPcost} = d32 3211
Q L{te™} = iy
@ L{re} = 5
o e e S




Division by t
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Division by t

L{f(tt)} = /oo F(u)du
Examples: s

Q c{M} = [~ u2+1 du = arctan 1
ec{}:fgfwzmT

QL{Tt}: s u2+1 du
Qc{i}=["Ldu=1
Q L{=n2} =, rctang

21
s—2

Q E{ } In 5=
sinh t

e L{ } f u2 1
c052t

o l:{ t }_fs u2+4
gl _ 2

O c{f}=:
—t
e | Ss+1

Q E{ ; }— In £
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Inverse Laplace Transform: Definition

The inverse Laplace transform is:

L~{F(s)} = f(t), where L{f(1)} = F(s)
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Inverse Laplace Transform: Definition

The inverse Laplace transform is:
L7VF(s)} = (1), where L{f(t)} = F(s)

Standard Inverse Transforms:
Q@ L' {}=1
@ L {Z}=1"
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Inverse Laplace Examples

ExampIeS'

QL' {L}=t

QL {%} =2¢%
0 £ {gy} = isinat
Q { 259} = cos 3t

O £ {5} =sinht

@ £ {54} = cosht
Q {&} =3e &

0 £ {2} =2sint

@ L{F=t
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Inverse Shifting Theorems

First Shifting Theorem:
L7YF(s—a)} = e¥f(t)
Second Shifting Theorem:
L7 e *F(s)} = f(t — a)u(t — a)
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Inverse Shifting Theorems

First Shifting Theorem:
L7YF(s—a)} = e¥f(t)
Second Shifting Theorem:
L7 e *F(s)} = f(t — a)u(t — a)
ExampIeS'
Q C {(s 572 }:teZ’
Q £ {e %L} =(t-3)u(t-3)
O £ {(srBra ) =& sin2t
Q! {e*ssfH } = cos(t — 1)u(t — 1)
Q - 1{(3 4)3} _ 3t22e‘“
Q £ {e %1} =
Q L {m} = el cos 3t
Q L' {e %5} =(t—4)2u(t-4)
— t673t
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Inverse Laplace of Derivatives

L7 {sF(s) — £(0)} = f'(1)
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Inverse Laplace of Derivatives

L7 {sF(s) - f(0)} = (1)
Examples (assume f(0) = 0):

QL' {s LH}=1

Q .’ {s- 5211 = cost

Q {s-ﬁ}:e’

Q ' {s- 52i4} = 2cos 2t

Q {s- (5_12)2} = (2t +1)e*
QL' {s - §}=3

Q {S- &g [ = 3cos3t

2
—1 1 _ -t
Qc {s sH } =e
—1 2 _ Q2 .3t
Qc {s (573)3} =3t°e
Q@ 7 {s- %} = cosh t
s2—1
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Convolution Theorem

L{A(1) + g(b)} = F(s)G(s), f*g:/o f(r)g(t — ) dr

Multiplication by s:
L{f'(t)} = sF(s) — 1(0)
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Convolution Theorem

L)+ 9(1)) = F(S)G(S), fxg— / f(r)g(t - 7)d

Multiplication by s:
L{f'(t)} = sF(s) — £(0)

Convolution Examples:
O LM )= fir 10—t
Q L { L } = fotsinTsin(t—T) dr = J(sint —tcost)
{ %} cel"Tdr=¢el -1
{52- 22 } fOTSInZt—T)dT
{ S 15} f0c0527' 1dr = }sin2t
{3

2t
L} e27- _StTdT*

_ed

= Adr=%
QL {3219 =5 } 3f0 sin37sin3(t —7)dr
'1.cosh(t — 7)dr = sinht
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Division by s and Partial Fractions

) 2

Partial Fractions: Decompose F(s) into simpler fractions to find £~.
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Division by s and Partial Fractions

) 2

Partial Fractions: Decompose F(s) into simpler fractions to find £~1.
Examples:

Q L {S+1} Joevdu=1—-e!

Q 1 {352+1)}:1§fﬁ:17c05t

Q {m}:ﬁ—;j:em—e’

O £ {(iemm | = 3 + #5% = he '+ deos2t
Q {ss 3)}:%@_%) 3(1-¢€%)
Q£ {52(s+2)}:%_%_;{%:%_ﬁ_%fzr
Q .’ {(Sj)z}:ehrtet

Q ! {m}:%e—f——5|n3t Ocos3l‘
Q L' = Lsinh2t
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Solving Differential Equations with Laplace Transform

Apply L to transform a differential equation into an algebraic equation, solve
for Y(s), and find y(t) = L=1{Y(s)}.
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Solving Differential Equations with Laplace Transform

Apply L to transform a differential equation into an algebraic equation, solve
for Y(s), and find y(t) = L~1{Y(s)}. Examples:
@ Solve y'+y =1, y(0) =0.

1 —t

sY(s)70+Y(s):1§:>Ys = y(t)=1-¢€

R
@ Solve y" +4y =0, y(0) =1, y’(0) = 0.

S?Y(s) —s+4Y(s)=0 = Y(s) = — y(t) = cos2t

s2+4
@ Solve y’ —2y = €%, y(0) = 0.

_ _ 1 LT -

sY(s) 2Y(s)7s_3 = y(t) = € +5e

© Solve y’ +y =sint, y(0) =0, y’(0) = 0.

)

@ Solve y” —y =0, y(0) =1, y'(0) = 1.
s+1

__ — [ — fAch t L cinht — al
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Fourier Transform: Definition
The Fourier transform of f(t) is:

F{f()} = Flw) = /Oo f(t)e ! dt
Fourier Sine Transform: -

Fo(w) = /Ooo £(t) sin(wt) dt

Fourier Cosine Transform:

Fe(w) = /000 f(t) cos(wt) at
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Fourier Transform: Definition

The Fourier transform of f(t) is

F{f(t)} = F(w) = / f(t)e ™" dt
Fourier Sine Transform:
Fu(w) = / (£ sin(wt) ot
0
Fourier Cosine Transform:
Fulw) = / £(t) cos(wt) it
0
Examples:
Q F{e @} =22 a> 0
Q F{u(t) - u(t— 1)} =1=
e Fs{eiat} = 27“)2, a> 0
Q Fle?}=z2;,a>0

Q Fle ') =me '/t
e Fs{teit} - “f#)z
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Inverse Fourier Transform

FUF@Y =0 =5 [ Fl)eds

Inverse Sine Transform:
_2 / Fo(w) sin(wt) dw
™ Jo

Inverse Cosine Transform:

= i/ooo Fe(w) cos(wt) dw
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Inverse Fourier Transform

FUF@Y =0 =5 [ Fl)eds

Inverse Sine Transform:

2 [~ ,
:;/0 Fs(w)sin(wt) dw

Inverse Cosine Transform:

= i/ooo Fe(w) cos(wt) dw

Examples
Q5!
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Fourier-Laplace Relation and Properties

Relation: If f(t) = 0 for t < 0, the Fourier transform of f(¢) is the Laplace

transform with s = jw.
F{f(t)} = LLA(8) Hs=iw
Change of Scale:

Fif(at)y = F (f)

lal” \a

Mr. S. P. Thorat (Head and Asso. Prof. Department of Laplace and Fourier Transforms 20/25



Fourier-Laplace Relation and Properties

Relation: If f(t) = 0 for t < 0, the Fourier transform of f(¢) is the Laplace

transform with s = jw.
F{f(t)} = LLA(8) Hs=iw
Change of Scale:

Flf(at)} = |jaF (f)

a
Examples (Change of Scale):
Q@ Fisin2t} = n(5(w — 2) — d(w + 2))
Q F{cos3t} = m(6(w —3) + d(w + 3))
() ]'—{672[2} fefwz/B
Q Flte®} = gy >0
Q F{sin(4t)} = n(6(w — 4) — 6(w + 4))
Q Fs{sin2t} = ﬁ
Q Fc{cosizt} = ?
e ‘/—"{eit/ }:m,t>0
e Fs{te_ZI} - ﬁ:ﬁg)g
Q Fofte —f} - Ljsgs)
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Modulation, Derivative, and Convolution Theorems
Modulation Theorem:

F{F(t) coswot) = 3[F(w — wo) + F(w -+ wo)]
Derivative Theorem:

F{f (1)} = iwF(w)
Convolution Theorem:

F{H(t) x g(t)} = F(w)G(w)
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Modulation, Derivative, and Convolution Theorems
Modulation Theorem:

F{F(t) coswot) = 3[F(w — wo) + F(w -+ wo)]
Derivative Theorem:

F{f (1)} = iwF(w)
Convolution Theorem:

F{H(t) + g(1)} = F(w)G(w)
Examples:
Q ]'—{e*m cos2t} = % (4+(wz 2% + 4+(w2+2)2)
Q F{te '} = 1_Hw2,t> 0
Q 7{e” *e*’}— 1+M o t>0
Q Fs{sintcost} = 2(1+w2)

Q Fe{efcos2t} =} (1+(w 2)2+1+(¢J+2)>

Q F{tt=iw L =1

Qf{smt*cost}—g( (w=1)=0(w+1)) - 5(0(w—1)+6(w+1))
Q F{(e )} =i —,t>0
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Finite Fourier Sine and Cosine Transforms

Finite Fourier Sine Transform over [0, L]:

Fs(n) = /OL f(t) sin (”Z”) ot

Finite Fourier Cosine Transform over [0, L]:

Fu(n) = /OL £(t) cos (’T) dit
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Finite Fourier Sine and Cosine Transforms
Finite Fourier Sine Transform over [0, L]:

_ /OL (t) sin (’T) ot

Finite Fourier Cosine Transform over [0, L]:

n) = /OL (1) cos <”7L”> dt

Examples (over [0, 7]):
o F {t} _ 71_(_1)n+1

@ Fofty =1 20 Fo(0) = %
o F{tg} 271'2( 1)"+1 27r( 1)"
o F{t2} n#O

e Fs{sln t} — 6n1
@ Fc{cost} = E5,,1
Q Fle t} nr(14(=1)"")

1+n272
n kg

Folety = 1=E0e ™
o cle = 7R
N RPN
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Finite Inverse Fourier Transforms

Inverse Sine Transform over [0, L]:

25 rma()

Inverse Cosine Transform over [O, L].

f(1) = %FC(O) + % " Fo(n) cos <”Zt>

n=1
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Finite Inverse Fourier Transforms

Inverse Sine Transform over [0, L]:

25 rma()

Inverse Cosine Transform over [O, L].

f(1) = %FC(O) + % " Fo(n) cos <”Zt>

n=1
Examples (over [0, 7]):
n) = — () =t
)="CE) — f(t)=t,n#0
)= 50m = f(t) =sint
n) = %0p == f(t) = cost
)= 2D s (1)~ 2
Q Fo(n)="CY — f(ty~£,n#0
)= =G = A =e !
1—(—1)"e" "

Mr. S. P. Thorat (Head and Asso. Prof. Department of
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Fourier Integral Theorem

Fourier Integral Theorem:

f(t):zl7r / / f(u)e(=Y du dw

Fourier Sine Integral:
(t) = g/ </ f(u) sin(wu) du) sin(wt) dw
T Jo 0
Fourier Cosine Integral:

f(t) = 2 /0 h ( /O ” f(u) cos(wu) du) cos(wt) duw
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Fourier Integral Theorem

Fourier Integral Theorem:

— i - > iw(t—u)
=5 /_OO /_OO f(u)e du dw

Fourier Sine Integral:

(t) = i/ooo </0°O f(u) sin(wu) du) sin(wt) dw

Fourier Cosine Integral:

f(t) = 2 / ( / (u) cos(wu) du) cos(wt) dw
T Jo 0

Examples:
Qft=el = [F+& cos(wt) dw = ne !
Qfty=et>0 = 2 [~ 32+ 2 cos(wt) dw = e~ &
Qf(t)y=te ', t>0 = 2 [~ (1+w2)2 sin(wt) dw = te~!
Qf(H)=1,0<t<1 = 2 OOO SN gin(wt) dw
Qfty=e = [© \Fe “*/4 cos(wt) dw = T~
Q f(H)=t0<t<1 = 2 [ 1= cos(wt) dw

Mr. S. P. Thorat (Head and Asso. Prof. Department of Laplace and Fourier Transforms
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Conclusion

@ Laplace transforms convert differential equations into algebraic
equations, with properties like shifting and convolution aiding
computation.

@ Inverse Laplace transforms recover functions using partial fractions and
theorems.

@ Fourier transforms analyze functions over the entire real line, with sine
and cosine variants for specific cases.

@ Finite Fourier transforms and integrals provide tools for bounded
intervals, with applications in signal processing and differential equations.
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