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Periodic Functions

A function f(x) is periodic with period T if:

f(x+ T)=f(x) forall x

m Common periods: 27, 2c¢, etc.

m Examples: sin x, cos x (period 2r), sin(nx), cos(nx).

Half-Range Series Expansion
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Even and Odd Functions

m Even function: f(—x) = f(x)

m Example: cos x, x

m Fourier series contains only cosine terms.
m Odd function: f(—x) = —f(x)

m Example: sin x, x, x3

m Fourier series contains only sine terms.

Half-Range Series Expansion
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Even and Odd Functions

m Even function: f(—x) = f(x)

m Example: cos x, x

m Fourier series contains only cosine terms.
m Odd function: f(—x) = —f(x)

m Example: sin x, x, x3

m Fourier series contains only sine terms.

Examples:
f(x) = x? is even: f(—x) = (—x)2 = x2.
f(x) = x3is odd: f(—x) = (—x)3 = —x5.
f(x) = cos x is even.
f(x) = sinx is odd.
f(x) = xsinx is even: f(—x) = (—x)sin(—x) = xsin X.
A f(x) = xcos x is odd.
f(x) = e* is neither even nor odd.
B f(x) = |x| is even.
B f(x) = x*is even
f(x) = tan x is odd

Half-Range Series Expansion
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Fourier Series Expansion

For a periodic function f(x) with period 2L, the Fourier series is:

f(x Dy Z (an cos + b, sin mZX>

L
:1/ (x) dx, /f(x yeos "X ax, by = /f x)sin 77X
i/, L
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Fourier Series Expansion

For a periodic function f(x) with period 2L, the Fourier series is:

f(x Dy Z (a,, cos + b, sin mZX>

where:

L
:1[/ (x) dx, /f(x yeos "X ax, by = /f x)sin 77X
L

Intervals: [—m, 7] (L =), [0,27], [-c,c] (L= c), [0,2c] (L = c).

Dr. S. P. Thorat Head And Asso. Prof. Department of Mathematics Vivekanand College, Kolhapur (An Empowered Autonomous Institute)

Fourier Series



Periodic Functions, Even and Odd Functions Fourier Series Expansion

Fourier Sine and Cosine Series

Half-Range Series Expansion

Fourier Series over [—, 7]
Examples:
f(x) = x, period 27.
2(—1 n+1 _4\n+1 .
a =0, a,=0, bn:%, Z( 1) sin nNx
f(x) = x2.
2n? 4(—1)" ™ = (—1)"
Q=g @=——3— b=0 f(x)= §+4; 5 Cos X
f(x) = |x|.
(=)t y2 7 4 Shcos(2n— 1)
B =7 @n=——rF—— b=0 1x) E*%gw

Dr. S. P. Thorat

Fourier Series

Head And Asso. Prof. Department of Mathematics Vivekanand College, Kolhapur (An Empowered Autonomous Institute)



Periodic Functions, Even and Odd Functions Fourier Series Expansion Fourier Sine and Cosine Series Half-Range Series Expansion
00 00000 00000 000000

Fourier Series over [0, 27]

Examples:
f(x) = x.

G=7 ap—0, by——2, fx)=m—2% X

n n
n=1
B f(x) = x?
472 4 47 2m? . [cosnx msin
B="3 =15 b=-7n f(x)s,*“;( 2 T

a e’ —1 a e — (—-1)" b n(e?™ + (—1)")
T 7(1+n?) ’ (1 + n?)
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Fourier Series over [—c, C]

Examples:
f(x)y=x,L=c.

2¢(—1)1 2 (=1 nrx
a,—,:O7 bn:¥ f(X):chislnT

nm nm
n=1
B f(x)=x*L=c
2¢? 4c?(—1)" & 42 X (—1)"
ap = 3 =55 b,=0, f(x)= ?JFT‘? 5 Cos -
n=1
B f(x)=|x|,L=c.
B _2c[(—1)"—1] b.—0 f . c 2c 1 —(=1)"
=0 M= b=0 T0=5m0 )
n=1
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Fourier Series over [0, 2¢]
Examples:
fx)y=x,L=c.
2c C  2C . sinZX
ag=c, ap=0, bn_—%, f(X)_§_?; -
f(x)=x% L=c.
4c? 4c? 4c? 22 X/ 4c?
aO:T, an = 7,727_(27 bn—_ﬁa f(X)—T‘F; (n27r2

an=0, by=1, by=0forn#1, f(x)=sin_~
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Fourier Sine and Cosine Series

For a function f(x) on [0, L]:
m Cosine series (even extension):

a nmx 2 t nrx
f(x)=— E —_— == f il
(x) 5 —l—n:1 ancos——, an L/o (x) cos 1 ax
m Sine series (odd extension):

o0 L
f(x) =3 bpsin ”LLX by = i/o f(x) sin ”LLX dx
n=1
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Fourier Cosine Series Examples

Examples (over [0, 7]):
f(x) = x.

d =, anzw f(X):g_%iM

a= — an = = —+ cos nx
3’ " n 3 n?
n=1
f(x)=1.
a=2 a=0, f(x)="1
f(x) =sin x.
4 2(—1)"
a = —, an:(i)zfornsﬂ, a=0
™ m(1 —n?)
A f(x) = x3
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Fourier Cosine Series Examples (Cont.)

A f(x) = e~ [0,1].
a=2e—-1), a)= 72[61(;1,3;; 1]
f(x) = x*, [0, 7].
8(—1)"(372 — 2n?n?)
mr

‘l\)
o) 3§
S

ap =
B f(x) = cosx, [0, 7].
, a=1, a,=0forn#1

B f(x) = x(1 —x), [0,1].

2 4[(—=1)" — 1
= HCT 1)

f(x) = x3(1 — x), [0,1].

4 AT/ 4\N/N S22\ M
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Fourier Sine Series Examples
Examples (over [0, 7]):
f(x) = x.
2(—1)n+1
n

Half-Range Series Expansion
000000

o ()
by=21 f(x):2ZTsinnx
n=1

f(x) = x2.
2[(-1)"2xn — 7(—1)"+ 2]
mr

b, =
f(x) =sin x.

bi=1, by,=0forn#1, f(x)=sinx

f(x) = x3.
~ 2[(—1)"(372n* — 6) + 6]
B mr

2l (1)

bn

f(x)=1.
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Fourier Sine Series Examples (Cont.)
@ 1(x) = e, [0,1].

_ 2nnle(—1)"+1]
o 1+ nn2

bn

f(x) =x(1 —x), [0,1].

4[(—1)"+1]

b =
n s

B f(x) = cosx, [0,7].

_2n[t £ ()]

bn (1 — n?)

forn#£1, by =0

[ f(x) = x* [0,7].

_ 2[(—1)"(473n® — 247n) + 247N

bn mr

f(x) = x2(1 — x), [0,1].

Dr. S. P. Thorat

Fourier Series

Al(—A\(D — P72\ + n?42 4 2]

Head And Asso. Prof. Department of Mathematics Vivekanand College, Kolhapur (An Empowered Autonomous Institute)



Periodic Functions, Even and Odd Functions Fourier Series Expansion Fourier Sine and Cosine Series Half-Range Series Expansion
00 00000 00000 ©00000

Half-Range Series Expansion

For a function f(x) defined on [0, L], extend to [—L, L]:
m Even extension: Leads to cosine series.
m Odd extension: Leads to sine series.
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Half-Range Series Expansion

For a function f(x) defined on [0, L], extend to [—L, L]:
m Even extension: Leads to cosine series.
m Odd extension: Leads to sine series.
Examples (Cosine, [0, 7]):
f(x) = x.

a=2, an=0
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Half-Range Cosine Examples (Cont.)
f(x) = x3, [0, 7].

7d 2[(—1)"m3 — 6(—1)"n]
=7 A= nr
f(x) = sinx, [0, 7].
_4 _ 2= _
ao_;, a,,_ﬂ“_nz)forn;ﬂ, a=0

A f(x) = e, [0,1].

a=2e—1), a _ 2e1)" 1]
roan 1+ n?r2
f(x) = x(1 — x), [0,1].
R I G ik
0 = = = — 7 -
3’ " 2
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Half-Range Cosine Examples (Cont.)

B f(x) = x4, [0,7].

2 — 2771'4 a — 8(—1)"(372 — 2n?72)
0 — 5 ’ n — ,_’47_r
B f(x) = cos x, [0, n].
2

aozﬂ, ar=1, a,=0forn#1

f(x) = x2(1 — x), [0,1].

1 2[(—1)"(2 — nPx?) + 2]
ap = é ) an = n37'('3
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Half-Range Sine Examples

Examples (Sine, [0, 7]):
f(x) = x.
2(_1 )n+1

SYC
bn:#, f(X)ZngSInnX

2[(=1)"27n —w(—1)"+ 2]

bn - mr

bi=1, b,=0forn#1

p, _ 2132~ 6) + 6]

mr
f(x) = 1
p 2= (=1)]
nm
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Half-Range Sine Examples (Cont.)
@ 1(x) = e, [0,1].

_ 2nnle(—1)"+1]
o 1+ nn2

bn

f(x) =x(1 —x), [0,1].

4[(—1)"+1]

b =
n s

B f(x) = cosx, [0,7].

_2n[t £ ()]

bn (1 — n?)

forn#£1, by =0

[ f(x) = x* [0,7].

_ 2[(—1)"(473n® — 247n) + 247N

bn mr

f(x) = x2(1 — x), [0,1].

Dr. S. P. Thorat

Fourier Series

Al(—A\(D — P72\ + n?42 4 2]

Head And Asso. Prof. Department of Mathematics Vivekanand College, Kolhapur (An Empowered Autonomous Institute)



Periodic Functions, Even and Odd Functions Fourier Series Expansion Fourier Sine and Cosine Series Half-Range Series Expansion

[o]e] 00000 00000 O0000e
Conclusion
m Fourier series represent periodic functions using sines and
cosines.
m Even and odd functions simplify series to cosine or sine terms,
respectively.

m Expansions are valid over various intervals like [—, 7], [0, 27],
[—c, ], [0,2c].

m Half-range expansions use even or odd extensions for efficient
computation.
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