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Definition of Gamma Function

Definition of Gamma Function

The Gamma function, denoted I'(z), is defined for (z) > 0 as:

M(z)= / t?= e tat
0
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Definition of Gamma Function

Definition of Gamma Function

The Gamma function, denoted I'(z), is defined for (z) > 0 as:

M(z)= / t?= e tat
0

@ |t generalizes the factorial for non-integer values.
@ For positive integers n, ['(n) = (n—1)!.
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Basic Properties of Gamma Function

Properties of Gamma Function

@ Recurrence Relation: I'(z + 1) = z[(2)
© Special Values:

e r(1)=1
o F (i) =vr
© Reflection Formula: I'(z)[(1 — z) =

sin(z)
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Basic Properties of Gamma Function

Properties of Gamma Function

@ Recurrence Relation: I'(z + 1) = z[(2)
© Special Values:

e r(1)=1
o F (i) =vr
© Reflection Formula: I'(z)[(1 — z) =

sin(z)

Proof of Recurrence Relation:
Nz+1)= / t?e ! dt
0
Using integration by parts (u = t?, dv = e~ !dft):

(oo}

Nz+1)=[-Fe ', +/ zt* e tdt = 0 + 2l (2)
0
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Examples on Gamma Function

Examples on Gamma Function
Compute I'(3).
Using the recurrence relation:
rd)=r@e+1)=2r2)=2-1-r1)=2-1-1=2
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Examples on Gamma Function

Examples on Gamma Function

Compute I'(3).
Using the recurrence relation:
rd)=r@e+1)=2r2)=2-1-r1)=2-1-1=2

ComputeT (3).
T
@) ()- 3

Beta and Gamma Functions

Using T (3)
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Definition of Beta Function

Definition of Beta Function

The Beta function, denoted B(m, n), is defined for &(m) > 0,
R(n) > 0 as:

1
B(m, n) :/ tm-1(1 = 1) it
0
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Definition of Beta Function

Definition of Beta Function

The Beta function, denoted B(m, n), is defined for &(m) > 0,
R(n) > 0 as:

1
B(m, n) :/ tm-1(1 = 1) it
0

@ Alternatively, it can be expressed as:

00 tm71
B(m, n) - A W dt

@ Symmetric: B(m, n) = B(n, m).
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Basic Properties of Beta Function

Properties of Beta Function

@ Symmetry: B(m, n) = B(n, m)
@ Relation to Gamma Function (proved later):

_ F(m)r(n)
B(m, n) = r(m+n)
© Special Values:
e B(1,1) =1
° B(z3)=m
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Examples on Beta Function

Examples on Beta Function

Compute B(2, 3).
Using the integral definition:
1 1
B(2,3):/ 2711 — )31 dt:/ t(1 —t)?dt
0 0
Let | = fo t(1 — t)? dt. Expand and integrate:

2 2t ¢ 1 2 1
/7/0(1‘ 22+1%) dt {2 3 +4]0 5 31113 15
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Examples on Beta Function

Examples on Beta Function

Compute B(2, 3).

Using the integral definition:
1 1
B(2,3):/ 2711 — )31 dt:/ t(1 —t)?dt
0 0

Let | = fo t(1 — t)? dt. Expand and integrate:

2t t 1 2
/f/o(t 2t°+1°) dt {2 3 +4]0 5 3

Example

Compute B (1, }).
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Relatinn hatween Rata and (Gamma Functinn

Relation between Beta and Gamma Function

Theorem: For %*(m) > 0, (n) > 0,
B(m. ) — LTI (D)
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Ralatinn hatwean Rata and (Gamma Fiinctinn

Relation between Beta and Gamma Function

Theorem: For %*(m) > 0, (n) > 0,

r(m)r(n)

r(m+ n)

Proof: Start with the product of two Gamma functions:

r(mr(n) = (/Ooo tm—1e—fdt) (/000 s" e s ds)

Combine into a double integral:

r(n) = / / tm1s"1e=(+9) gt ds

Substitute t = uv, s = u(1 — v), with Jacobian u:

/ / (uv)™ u(1 — v)]" "e Yudvdu
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Ralatinn hatwean Rata and (Gamma Fiinctinn

Example Using Beta-Gamma Relation

Example
Verify B(2,3) using the Beta-Gamma relation.

From the relation:

B23)=Tere) ~ 1)
Compute:
re =1, r@)=2 r(()=4=24
1.2 2 1
B23)= 54 =51= 12

This matches the earlier result from the integral definition.
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Ralatinn hatwean Rata and (Gamma Fiinctinn

Conclusion

@ The Gamma function extends the factorial to real and complex

numbers.

@ The Beta function is closely related to integrals over [0, 1] and is
symmetric.

@ The relation B(m, n) = {724 connects the two functions.

@ Examples and proofs illustrate their properties and applications.
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