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1. Definition of Derivative:
: We begin with a function f defined at least on some open interval (a, b)_ on the x-
axis. Then we choose a fixed-point x in this interval and introduce the difference quotient
f(x+h)-f(x)
h

: Where the number h, which may be positive or negative (but not zero), is such that x + h
also lies in (a, b). The numerator of this quotient measures the change in the function when x
phanges from x to x +h. The quotient itself is referred to as the average rate of change of fin the
interval joining x to x + h.

Now we let h approach zero and see what happens to this quotient. If the quotient
approaches some definite value as a limit (which implies that the limit is the same whether h
approaches zero through positive values or through negative values), then this limit is called the
derivative of f at x and is denoted by the symbol £(x) (read as “f prime of x). Thus, the formal
definition of (X) may be stated as follows:

2. DEFINITION OF DERIVATIVE: The derivative f (x) is defined by the equation
f(x+h)-—f(x)
h

£'(x) = lim

h—0

provided the limit exists. The number f ‘(x) is also called the rate of change of f at X.
Meaning of derivative:-

e The Derivative is the exact rate at which one quantity changes with respect to another.

e  Geometrically, the derivative is the slope of curve at the point on the curve.

e The derivative is often called the “instantaneous” rate of change.

e The derivative of a function represents an infinitely small change the function with respect

to one of its variables.
e The Process of finding the derivative is called “differentiation”.
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3. Application of Derivative in Medical and Biology:

i 'Sometimes We may question ourselves why students in biology or medical
epartment still have to take mathematics and even physics. After reading this post, you will
understand why.

3.1 Growth Rate of Tumor:

A tumor is an abnormal growth of cells that serves no purpose. There are certain
level of a tumor regarding to its malignancy.

The first level is benign tumor. It does not invade nearby tissue or spread to other
parts of the body the way cancer can. In most cases, the outlook with benign tumors is very good.
But benign tumors can be serious if they press on vital structures such as blood vessels or nerves.
Therefore, sometimes they require treatment and other times they do not.

The second level is premalignant or precancerous tumor which is not yet
malignant, but is about to become so.

The last level is malignant tumors. These are cancerous tumors, they tend to
become progressively worse, and can potentially result in death. Unlike benign tumors, malignant
ones grow fast, they are ambitious, they seek out new territory, and they spread (metastasize).

The abnormal cells that form a malignant tumor multiply at a faster rate. Experts
say that there is no clear dividing line between cancerous, precancerous and non-cancerous
tumors-sometimes determining which is which may be arbitrary, especially if the tumor is in the
middle of the spectrum. Some benign tumors eventually become premalignant, and then

malignant.
The rate at which a tumor grows is directly proportional to its volume. Larger

tumors grow faster and smaller tumors grow slower.
The rate at which a tumor grows is directly proportional to its volume. Larger

tumors grow faster and smaller tumors grow slower.
The volume of a tumor is found by using the exponential growth model which is

V(t)=V, €"
V, = initial volume
e = exponential growth
k = growth constant

t = time
In order to find the rate of change in tumor growth, you must take the derivative of

the volume equation (V(1))

V(t) = VO i ekl
V'(t)=V, .e”.k
Because e is a complicated function, we use chain rule to derivate it.
y it ekl
Let u=kt y=e
5‘2 = ﬂglg Q‘X —e!
dt du dt du
d
SiaclEy 7 4 _ e
dt dt

(E Scanned with OKEN Scanner



G— Scanned with OKEN Scanner




G— Scanned with OKEN Scanner




G— Scanned with OKEN Scanner




G— Scanned with OKEN Scanner




4. Application of Derivative to Business and Economics:

In recent years, economic decision making has become more and more
mathematically oriented. Faced with huge masses of statistical data, depending on h_undreds or
even thousands of different variables, business analysts and economists have increasingly “{med
to mathematical methods to help them describe what is happening, predict the ef’fcct§ gf various
policy alternatives, and choose reasonable courses of action from the myriad of possﬁ_nhtles.
Among the mathematical methods employed is calculus. In this section we illustrate just a few of
the many applications of calculus to business and economics. All our applica_tipns will cer_lter on
what economists call the theory of the firm. In other words, we study the activity of a business (or
possibly a whole industry) and restrict our analysis to a time period during which background
conditions (such as supplies of raw materials, wage rates, and taxes) are fairly congtant. We then
show how derivatives can help the management of such a firm make vital production decisions.

Management, whether or not it knows calculus, utilizes many functions of the sort we have been
considering. Examples of such functions are

C(x) cost of producing x units of the product.
R(x) revenue generated by selling x units of the product, :
P(x) = R(x)-C(x) = the profit (or loss) generated by producing and (selling x units of the product.)

Note that the functions C(x), R(x), and P(x) are often defined only for non-negativ
integers, that is, for x = 0,1,2,3. The reason is that it does not make sense to speak about the cost
of producing -1 car or the revenue generated by selling 3.62 refrigerators. Thus, each function may
give rise to a set of discrete points on a graph, as in Figure, in studying these functions, however,
economists usually draw a smooth curve through the points and assume that C(x) is actually
defined for all positive x. Of course, we must often interpret answers to problems in light of the
fact that x is, in most cases, a nonnegative integer.

Cost Functions: If we assume that a cost function, C(x), has a smooth graph as in
Figure, we can use the tools of calculus to study it. A typical cost function is analyzed in Example

B

4.1 Marginal Cost Analysis:

Example:1:-
Suppose that the cost function for a manufacturer is given by

C(X)=(10")X*~0.003X* +5X +1000 dollars.

a) Describe the behavior of the marginal cost.
b) Sketch the graph of C(x).

Solution:-
The first two derivatives of C(x) are given by

C'(X)=(3x10°)X* ~0.006X +5

C"(X)=(6x10")X-0.006

Let us sketch the marginal cost C’(x) first. From the behavior of C'(x), we will be
able to graph C(x). The marginal cost function y = (3><l[}“’))(2 —0.006X +5 has as its graph a

parabola that opens upward. Since y =C"(X) = 0.000006 (X — 1000), we see that the parabola has

a horizontal tangent at X = .1000 So, the minimum value of C’(x) occurs at X = 1000. The
~ corresponding y-coordinate is

(E Scanned with OKEN Scanner



(3x10*)(1000)" ~0.006 x (1000) +5=3-6+5=2

The graph of y = C’(x) is shown in Figure. Consequently, at first, the margiqal cost
decreases. It reaches a minimum of 2 at production level 1000 and in_crean_:s thereafter. This
answers part (a). Let us now graph C(x). Since the graph shown in F1g}lre is the grapl} of thg
derivative of C(x), we see that C’(x) is never zero, so there are no relative extreme points. Since

C’(x) is always positive, C(x) is always increasing (as any cost curve shquld).
Moreover, since C’(x) decreases for x less than 1000 and increases for x greater than

1000, we see that C(x) is concave down for x less than 1000. is concave up for x greater than
1000, and has an inflection point at x = 1000. The graph of C(x) is drawn in Figure. Mot tartue
inflection point of C(x) occurs at the value of x for which marginal cost is a minimuim.

A A
X Y @
1¢a) 4
- 3
wM
1000 x; 1000 X g
A marginal cost functions. A cost functions.

Actually, most marginal cost functions have the same general shape as the marginal
cost curve of Example 1. For when x is small, production of additional units is subject to
economies of production, which lowers unit costs. Thus, for x small, marginal cost decreases.
However, increased production eventually leads to overtime, use of less efficient, older plants,
and competition for scarce raw materials. As a result, the cost of additional units will increase for

very large x. So, we see that C’(x) initially decreases and then increases.
Revenue Functions in general, a business is concerned not only with its costs, but

also with its revenues. Recall that, if R(x) is the revenue received from the sale of x units of some
commodity, then the derivative R’(x) is called the marginal revenue. Economists use this to

measure the rate of increase in revenue per unit increase in sales.
If x units of a product are sold at a price p per unit, the total revenue R(x) is given

by
R(x)=x:p

If a firm is sm_alI and is in competition with many other companies, its sales have
little effect on the market price. Then, since the price is constant as far as the one firm is
ed, the marginal revenue R’(x) is the amount that the firm receives from the sale of one

concern _ : the a |
additional unit. In this case, the revenue function will have a graph Revenue as in figure.
+

Y

4 gk

| ¢

Quantity X
Arevenue curves,
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An interesting problem arises when a single firm is the only supplier of a certain
product or service, that is, when the firm has a monopoly. Consumers will buy large amounts of
the commodity if the price per unit is low and less if the price is raised. For each quantity X, let
f(x) be the highest price per unit that can be set to sell all x units to customers. Since selling greater
quantities requires a lowering of the price, f(x) will be a decreasing function. Figure shows a
typical demand curve that relates the quantity demanded, x, to the price, p = f(x).

r)

Price =<

ﬂw%

Quantity X
A demand curves.

The demand equation p = f(x) determines the total revenue function. If the firm

wants to sell x units, the highest price it can set is f(x) dollars per unit, and so the total revenue
from the sale of x units is

The concept of a demand curve applies to an entire industry (with many producers)
as well as to a single monopolistic firm. In this case, many producers offer the same product for
sale. If x denotes the total output of the industry, f(x) is the market price per unit of output and x
f(x) 1s the total revenue earned from the sale of the x units.

4.2 Maximizing Revenue:
Example : 2 The demand equation for a certain productis p=6 - % dollars Find the level

of production that results in maximum revenue.

Solution:
In this case, the revenue function R(x) is

R(x)=xp=x[6—5]

7
X?.
=Xx 6x —7 dollars.

The marginal revenue is given by

R'(x): 6—x
4 (6, 18)
3 e
g 2
x
6 —
Maximizing revenue,

1N
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(T-T.)
(T,-T:)

In
T=T; +(TO —TE)e'k:

6.3 Applications on Newton's Law of Cooling:

Investigations. Computer manufacturing.
>>]t can be used to determine >>Processors.
the time of death. . >>Cooling systems

>>>Solar water Heater.
>>>(Calculating the Surface area Of an object.

5. Applications of Newton’s Law Of Cooling In Investigating A Crime scene:

The police came to a house at 10:23 am were urder had taken place. The detective
measured the temperature of the victim's body and found that it was 26.7°C. Then he used
a thermostat to measure the temperature of the room that was found to be 20°C through
the last three days. After an hour he measured the temperature of the body again and
found that the temperature was 25.8°C. Assuming that the body temperature was normal (37°C),
what is the time of death?

Solution:

T=T,+(T,-T,)e™

Let the time at which the death took place be x hours before the arrival of the police

men. ;
Substitute by the given values

T(x)=26.7=20+(37-20)e™
T(x+1)=258=20+(37-20)e )

13
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Application of Derivatives in Psychology:
The application of differential calculus to mental phenomena:

Dr. Montague’s it was pointed out that we can get a very simple expression does for

the ‘specious present,’ which was found to be (:l—o, if we denote by o the objective and by s the
s

subjective elements of a psychosis. The second derivative would determine the time flow. ;
Without considering the important philosophical results of the theory we shall make the following
observations about the method.

The author considers the ratio of the increments Ao and As, so which occur in the

; : o .
time At, and the fraction 22 is supposed to approach or attain the limit 7 It will be of some
As

interest to see what suppositions this statement involves. First of all, it is clear that we have to
Ao

consider the limit -i—; , because o is not an explicit function of's.
a .. . . g
Though we know little or nothing about the sufficient conditions of differentiability,

we can in this case readily indicate the following necessary conditions: (1) o and s must t_)e
continuous; (2) both must have a differential quotient with regard to t; (3) both differential

; : ds : S o
quotients must be continuous; (4) = must not be zero in the whole-time interval under
t

consideration. it is hard to make those assumptions, nothing about the character of the functions
dealt since s is apparently discontinuous in many points submitted to the well known tests.

It is evident that the author had in mind to measure a time period by its relation to
a standard change and so to get rid duration, but he did not see that the conditions of the problem
became so much more complicated by the implicit relation of o and All these tacit presuppositions
would have become clear if the author had assumed that o is an explicit function of s, but such but
such a relation, of which we can get no idea, would never have been granted. The establishing of
the indirect relation between o and s by introducing them as functions of time hides the difficulty
but does not remove it.

An example will show to what kind of conclusions we come, if we accept the

: do % e ; : ; :
author’s view. o varies with time and we may pick out two moments for which this ratio has the

2

. ; do . : d
same value, as it is always possible because = continuous and d—? changes sing. The
S

S
conditions of Rolle’s theorem are fulfilled, since continuity of %E and existence of second

derivative are supposed by the author, and therefore
2

, the second derivative vanishes at least once.
£ do. A g
The vanishing of o 1s characteristic for the state of ennui and the first conditions are

approximately fulfilled if one sits in a quiet room and recalls
be bored before one can recall anything. Psycholo
every mathematician.

There is not the least doubt that the whole theo
psychology of this kind, but the question remains, whether th
our system admit of a verification by experiment. If we consi
experimental psychology, that to every im
and if possible, vice versa, we must renou
nothing.

something. It follows that one must
gical laws of this kind can be deduced easily by

ry of functions could be applied to a
e conclusions logically deduced from
der it an important feature of
plication of our system corresponds an empirical fact
nce speculations about functions of which we know

20
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